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We consider the rapid solidification of a molten YSZ particle, by solving the so-called hyperbolic
equations for heat and mass transfer. The hyperbolic model predicts the interface undercooling (due to
thermal and solutal effects) and velocity as a function of time, as well as the yttria redistribution within
the solid phase. Results are then compared to corresponding ones that we obtained from a parabolic
model, to assess the extent to which YSZ solidification is influenced by nonequilibrium effects. Results
indicate that these effects are limited to the early part of the solidification process when undercooling is
most significant. At this stage, the interface velocity is unsteady, and solute redistribution is most evident.
As solidification decelerates, the nonequilibrium effects wane and solidification can then be properly
modeled as an equilibrium process.
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1. Introduction

Thermal spray coating is an enabling technology, which
has wide application in many industries including the gas
turbine, aerospace, automotive, and biomedical (Ref 1).
Zirconia-based ceramic coatings in particular are used as
effective thermal barriers for metal structures in gas tur-
bines (Ref 2, 3). These coatings can delay thermally
induced failure, thus increasing the durability of machine
components.

In the plasma spray process, yttria-stabilized zirconia
(YSZ) powders are injected into a plasma jet, particles melt
and accelerate until they collide with a substrate, spread,
and solidify. The substrate material can vary, depending on
use. Deposition of high quality coatings requires knowledge
that involves materials and interface science, fluid
mechanics, and heat transfer. This multidisciplinary
character of the spray coating process implies that the

development of new products and techniques requires a
high investment. The simulation of spray coating formation
can help optimize a design, and so save time and money.

List of Symbols

C concentration (wt.%)

C0 initial concentration (wt.%)

Cp specific heat capacity (J kg-1 K-1)

b splat thickness (m)

D mass diffusivity (m2 s-1)

h heat transfer coefficient (W m-2 K-1)

JC concentration flux (wt.% m s-1)

kf nonequilibrium partition coefficient

ke equilibrium partition coefficient

m slope of nonequilibrium liquidus (K wt.%-1)

me slope of equilibrium liquidus (K wt.%-1)

Q latent heat of solidification (J kg-1)

T temperature (K)

Tm equilibrium melting temperature (K)

T0 initial temperature (K)

VD mass diffusion velocity (m s-1)

Vi interface velocity (m s-1)

Greek Symbols

a thermal diffusivity (m2 s-1)

j thermal conductivity (W m-1 K-1)

l linear kinetics coefficient (m s-1 K-1)

q density (kg m-3)

s relaxation time (s)

Subscripts and Superscripts

i interface

j solid or liquid phase

- liquid interface

+ solid interface
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Pure zirconia has a complex allotropic structure
(Ref 4). A cubic crystal structure exists between 2400 and
2700 K; it then transforms into a tetragonal structure as it
further cools. When the temperature reaches about
1000 K, the tetragonal crystals transform to monoclinic
form. This phase transformation involves volume change
that may cause compression or tension in the coating,
which can induce surface cracking and poor mechanical
flexibility. To circumvent these problems, a zirconia yttria
(6-8 wt.%) mixture, which has no transformation to a
monoclinic phase at low temperature is used. Further,
research (Ref 4) has found that when rapidly solidified,
the zirconia-rich corner of the phase diagram has a
tetragonal-prime phase, which is meta-stable.

Few numerical studies of the rapid solidification of
YSZ have been published (Ref 2). Pure metal models
are only useful in conditions far different from those of
ceramic solidification (e.g., Ref 5), and so here we solve
the coupled thermal and concentration equations for a
binary system. Also, Fourier�s model is usually used to
simulate heat conduction during solidification, but this
model is only appropriate for relatively slow processes.
To solve a rapid solidification problem, this so-called
parabolic model should be replaced by a hyperbolic one,
by adding a relaxation term to Fourier�s model to take
into account nonequilibrium effects related to the
interface velocity-induced heat wave (Ref 6). Using a
similar strategy based on the theory of so-called
extended irreversible thermodynamics, Sobolev (Ref 7)
added the relaxation term to the equilibrium equation
for concentration diffusion, to model alloy solidification
as a hyperbolic process. And to simplify the problem,
Sobolev and Galenko assumed a constant interface
velocity at the solidification front, and so were able to

obtain analytic solutions for planar and dendritic inter-
faces (Ref 7, 8, 9).

Numerical models of spray coating consider a single
droplet, or a spray of them, impacting the surface of a
substrate. As the droplet contacts the surface, heat is
released that fluxes into the substrate; grains begin to grow
when nuclei are beyond the critical size of heterogeneous
nucleation. The microstructure of a spray coating,
including the grain shape, density, and orientation, is
affected by the interface velocity (Ref 2), which is deter-
mined via an extra undercooling constraint (Ref 2, 5).

Nonequilibrium effects associated with the relaxation
term occur if the solid/liquid interface velocity is compa-
rable to the diffusive speed (Ref 7). Determining an
accurate interface velocity profile can help to explain the
microstructure of a solidified material. The interface
velocity also affects the splat morphology, as it has been
observed that splat structure can vary with the substrate
temperature. Note that an important factor that affects the
solidification speed is the change of thermal contact
resistance with temperature. For metal substrates, thermal
contact resistance increases with increasing substrate
temperature, because the oxide layer formed at the sur-
face becomes thicker. For nonmetal surfaces, the situation
is reversed, due to the desorption of adsorbed gases on the
surface. Figure 1 shows YSZ splats deposited on stainless
steel at different temperatures, and illustrates how the
change in substrate temperature and thus thermal contact
resistance affects the spread time and the cooling rate of
the splats, and thus the overall splat morphology. Similar
experiments were conducted by Bianchi et al. (Ref 10)
and Fukomoto et al. (Ref 11), who presented scanning
electron micrographs of individual alumina and zirconia
splats deposited by plasma spraying on a stainless steel

Fig. 1 Single YSZ splats on a polished stainless steel substrate at (a) 300 �C and (b) 600 �C
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plate. They found that droplets landing on a cold substrate
were more irregular in shape, with fingers radiating out
from their centers, while droplets that landed on a hot
substrate were usually shaped like disks. They explained
that the solidified layer next to the substrate triggers radial
jetting of the liquid and so leads to splashing (Ref 12).
Therefore, the faster the interface velocity, the faster the
solid layer forms, and the more likely the splat will splash.
This explanation suggests that interface velocity can affect
the morphology of a splat. The interface velocity also can
affect the splat microstructure. According to the grain
formation model of Kurz and Fisher (Ref 13), the mor-
phology, tip radius, and cell and dendrite spacings are all
closely related to interface velocity. Therefore, determin-
ing an accurate interface velocity enables us to ana-
lyze splat morphology. The interface tracking model
(Ref 5, 14) we present here, for the rapid solidification of
YSZ, yields an accurate interface velocity profile.

At the splat/substrate interface, it is well known that
the interface velocity of the solidification front is strongly
affected by the substrate temperature (Ref 12) as well as
by the condition of the substrate (e.g., contamination
(Ref 15), oxidation (Ref 16), roughness (Ref 17)). To
simplify our simulation, these effects are represented by
two parameters that we varied: the surface temperature
and a heat transfer coefficient.

To calculate the local yttria concentration at the inter-
face, the kinetic solute partition function kf is a critical
coefficient. kf is the ratio of the solute concentration on the
solid side of the dynamic solidification front to the con-
centration on the liquid side. The concentration difference
at the solid/liquid interface is what drives solute redistri-
bution. ke is the ratio of the equilibrium solidus to liquidus
concentrations based on the phase diagram. At high
interface velocity, kf deviates from ke. Aziz (Ref 18, 19)
derived an expression for kf via a continuous growth model
that assumes a ‘‘rough interface’’ that provides sites for
crystallization events (Ref 19); Sobolev and Galenko
(Ref 7, 9) extended this expression to obtain a nonequi-
librium partition coefficient based on a modified Fick�s law.

Another coefficient that affects the local yttria concen-
tration at the interface is the slope of the liquidus m. me is
the equilibrium liquidus slope based on the phase diagram.
At higher interface velocities, m deviates from me. Aziz and
Boettinger (Ref 19) obtained the slope of the nonequilib-
rium liquidus by expressing a chemical potential balance of
a binary concentration system, from which the total Gibbs
free energy could be expressed; as with kf, Galenko (Ref 9)
extended the expression for m to include hyperbolic effects.

Both physical and mathematical complications of a
binary rapid solidification process lead to equations that
are challenging to solve numerically and theoretically.
Wang (Ref 14) simulated planar rapid solidification using
an interface tracking method, but solved the parabolic
rather than the hyperbolic equations. Sobolev and
Galenko (Ref 7, 9) solved the hyperbolic equations ana-
lytically; they obtained a steady-state solution by assuming
a constant interface velocity. For this work, we imple-
mented the iterative interface tracking method of Wang
(Ref 14), which is both accurate and efficient, but applied

the methodology to solve the hyperbolic equations to
predict solidification characteristics that include the solid/
liquid interface velocity, temperature, and the partition
coefficient. This information in turn can be used to inter-
pret experimental results such as those illustrated in Fig. 1.

2. Physical Model and Methodology

To solve for the nonequilibrium phase change of YSZ
rapidly solidifying on a substrate, we have extended the
1D model of Wang (Ref 14), based on the following
assumptions and idealizations:

1. an impacting droplet rapidly forms a thin layer of
molten YSZ, with uniform initial temperature; the
droplet is assumed to spread rapidly so that solidifi-
cation can be modeled as a 1D phenomena; the
validity of this assumption depends on the particular
parameters of the droplet impact, but given the com-
plexity of the heat and mass transfer analysis pre-
sented here and the focus on solidification just above
the substrate, an analysis that also incorporates flow
would make the problem intractable;

2. the interface velocity is linearly related to the under-
cooling;

3. the droplet and substrate are in contact along a stable
planar interface, and the heat transfer coefficient at
the droplet/substrate interface is assumed to be con-
stant, inferred from experimental measurements;

4. the heat transfer coefficient at the upper surface of the
splat is much smaller than that at the droplet/substrate
interface, and so we assume it to be zero.

Fick�s First Law states that the flux of a component
across a concentration field is proportional to the con-
centration gradient, and so assumes an infinite velocity of
concentration propagation:

Jc þDjrCj ¼ 0 ðEq 1Þ

where C is the concentration of the solute, D is the solute
diffusivity, Jc is the diffusion mass flux, and the subscript j
represents the solid or liquid phase. Diffusion of a dis-
solved component in a solid or liquid phase can be
expressed as a concentration balance:

r � Jc þ
@Cj

@t
¼ 0 ðEq 2Þ

where t is time. It is important to note that the above
equations assume microscopic reversibility, which means
that the concentration flux is uniquely linked to diffusion,
and that the inertial effects of the concentration flux accel-
eration are ignored. Namely, a signal change at one point
anywhere in a concentration field will instantaneously be
felt everywhere else. The above equations accurately pre-
dict most experimental results. However, when mass trans-
port is relatively high, the relaxation time to accelerate the
mass flux will be relatively large; in such a case, a relaxation
term should be included in the transport equation.
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Cattaneo (Ref 20) first proposed a damped version of
Fourier�s heat conduction law in 1948. In the case of mass
transport, a modified Fick�s law can be expressed in a
similar way. It includes a mass flux relaxation term that
involves a relaxation time sD (Ref 5). In a local non-
equilibrium situation, sD is the time interval necessary for
atoms to jump onto a neighboring lattice, and thus for the
mass flux to reach a stable state.

Adding a relaxation term to Fick�s First Law yields a
general Fick�s Law (Ref 9):

sD
@Jc
@t
þ Jc þDjrCj ¼ 0 ðEq 3Þ

where sD = Dj/VD
2 (Ref 21). According to previous work

on pure metal solidification (Ref 5), in which we solved
only for the thermal field, a value of sj (the thermal
equivalent of sD) on the order of 10-9 s yielded negligible
differences between the parabolic and hyperbolic models.
But as YSZ has a relatively low mass diffusivity and a low
diffusive speed VD �1 m s-1 (Ref 22), sD for the con-
centration equation is also on the order of 10-9 s, yet one
would expect a more dramatic effect of this term. Also,
the solute partition coefficient and the liquidus slope are
both related to VD, which led us to investigate the effect of
sD on the solidification of YSZ.

To analyze the extent of nonequilibrium behavior is
to compare the magnitudes of the solid/liquid normal
interface velocity Vi and the diffusive speed VD of the
melt. When Vi is comparable to but smaller than VD,
the diffusive velocity cannot be assumed to be infinite.
Solute propagation is then a joint process of diffusion
and wave propagation (Ref 7). As Vi fi VD, the wave
mechanism dominates. When Vi > VD, diffusion in the
liquid ceases, and solidification is then unrelated to the
concentration distribution. Hence, the extent of non-
equilibrium behavior is related to the magnitudes of Vi

and VD: if these velocities are comparable, then con-
centration-induced nonequilibrium effects will be more
pronounced.

Combining the above equations, a hyperbolic equation
for the concentration is obtained (Ref 7):

@Cj

@t
þ sD

@2Cj

@t2
¼ Djr2Cj ðEq 4Þ

and a hyperbolic heat conduction equation can be
expressed similarly:

@Tj

@t
þ sj

@2Tj

@2t
¼ ajr2Tj ðEq 5Þ

where aj is the thermal diffusivity, T is the temperature,
and sj represents the time lag between the temperature
gradient and the commencement of heat flow in a med-
ium. Here we assume this thermal time lag is also asso-
ciated with the time required for atoms to jump from the
liquid side to the solid side, and so we assume sj and sD to
be the same. This model, then, describes heat wave
propagation with finite velocity. But, as already noted, sj

in its proper range will have little effect on the thermal
field, and so although we assume sj and sD to be equal, we

expect differences between the parabolic and hyperbolic
models to result from the concentration equation.

At the solid/liquid interface we impose an extra con-
straint on the governing equations (Ref 2):

Ti ¼ Tm þm � C�i � Vi=l ðEq 6Þ

where l is the kinetic coefficient of interface motion, Tm is
the equilibrium melting temperature, and Ci

- is the interface
concentration on the liquid side. Because we assume a planar
interface, there is no curvature-induced undercooling.

The magnitude of nonequilibrium effects depends on
Vi. As Vi fi VD, the local concentration at the interface is
affected, because the magnitude of the concentration flux
at the interface is dominated by the wave mechanism
instead of by species diffusion. As Vi fi VD, partitionless
phenomena occur, and a generalized partition function for
solute portioning is required. Meanwhile the liquidus
curve on the phase diagram is shifted because of solute
trapping, which requires the use of a generalized form of
the liquidus slope to consider such a shift. The generalized
equations for the partition coefficient and for the liquidus
slope are presented below.

Regarding the temperature field, local thermal equi-
librium of an alloy is established much more quickly than
the local equilibrium of the diffusion field, to the extent
that Galenko (Ref 21) ignored the thermal nonequilibri-
um term in the governing equations. In our simulations,
we keep the nonequilibrium term, but we ignore the
nonequilibrium thermal effects (Ref 5). However, as
the dynamic interface condition (Eq 6) is a constraint on
the hyperbolic governing equations (Eq 4, 5), the tem-
perature field is still affected by hyperbolic effects.

At the interface, the concentration undercooling is
given by Eq 6. To calculate the concentration at the planar
interface, the concentration segregation

Cþi ¼ kfC
�
i ðEq 7Þ

is required (Ci
+ is the interface concentration on the solid

side), and kf is the nonequilibrium partition coefficient,
expressed by Aziz et al. (Ref 18, 19) as:

kf ¼
ke þ Vi=VD

1þ Vi=VD
ðEq 8Þ

where ke is the equilibrium partition coefficient.
By introducing an effective diffusion coefficient D� ¼

1� V2
i

VD

� �
for Vi < VD and following the derivation of Aziz

(Ref 18, 19), Sobolev and Galenko (Ref 7, 9) obtained a
more general partition coefficient:

kf ¼
keð1� V2

i =V2
DÞ þ Vi=VD

1� V2
i =V2

D þ Vi=VD

; Vi<VD ðEq 9Þ

and

kf ¼ 1; Vi � VD ðEq 10Þ

since solute is then completely trapped. Both expressions
for kf (Eq 8, 9, 10) have been used previously by
researchers investigating rapid solidification.
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In Eq 6, the nonequilibrium liquidus slope m is also
unknown. Based on arguments described in the Intro-
duction, Aziz and Boettinger derived the following
expression:

m ¼ me 1þ ðke � kfð1� lnðkf=keÞÞ=ð1� keÞ½ � ðEq 11Þ

where me is the slope of the equilibrium liquidus. An
alternative expression for m was derived by Galenko
(Ref 9) based on the hyperbolic model; adding a diffusion
relaxation term to the steady diffusion flux leads to:

m¼ me

1� ke
1� kfþ lnðkf=keÞ þ ð1� kfÞ2ðVi=VDÞ
h i

; Vi<VD

ðEq 12Þ

m ¼ me ln ke

ke � 1
; Vi � VD ðEq 13Þ

As for kf, both expressions for m (Eq 11-13) have been
used to investigate rapid solidification.

All that remains is to specify the initial and boundary
conditions. The initial conditions are:

Tðx; 0Þ ¼ T0; Cðx; 0Þ ¼ C0; Jðx; 0Þ ¼ JCðx; 0Þ ¼ 0

ðEq 14Þ

At the upper surface of the splat (x = b):

@Tðb; tÞ
@x

¼ 0;
@Cðb; tÞ
@x

¼ 0 ðEq 15Þ

At the base of the splat, we simplify the thermal boundary
condition (Ref 5), and assume no mass transfer:

Jþ ¼ h Tðx; 0Þ � T1½ �; @Cð0; tÞ
@x

¼ 0 ðEq 16Þ

where T¥ is a specified substrate temperature, dy is the
thickness of the solidified layer, and h is the heat transfer
coefficient. Since the mass diffusivity on the solid side is
several orders of magnitude less than on the liquid side,
we ignore concentration diffusion in the solid.

At the moving solid/liquid interface the following is an
expression of energy conservation:

TQ � Vi ¼ J� � Jþ ðEq 17Þ

where TQ ¼ Q � C�1
p is the temperature of adiabatic

solidification, Q is the latent heat, Cp is the specific heat,
and J- and J+ represent the heat fluxes from the liquid and
solid sides of the solidification front.

The corresponding conservation equation for concen-
tration at the solid/liquid interface is the following flux
balance:

C�i � Cþi
� �

� Vi ¼ J�C � JþC ðEq 18Þ

where Ci
- and Ci

+ are the concentrations on the liquid and
solid sides of the solidification front, and JC

- and JC
+

represent the corresponding fluxes.
Finally, at the solid/liquid interface, the expressions for

kf and m derived both by Aziz (Eq 8, 11) and by Galenko
(Eq 9, 10, 12, 13) were applied to solve the parabolic and
hyperbolic sets of equations, respectively.

By assuming that solidification begins when the inter-
face temperature between the splat and substrate reaches
the nucleation temperature (below the equilibrium melt-
ing temperature), the interface velocity is then linearly
related to the local undercooling via a crystal growth
kinetics relationship (Eq 6), which is an extra constraint
on the governing equations (Eq 4, 5).

To solve the system of equations numerically, a com-
mon solution strategy was applied. Rather than solve
concentration Eq 4, we solve Eq 2 and 3, which are two
first-order partial differential equations, as well as Eq 5.
We fix the moving solid/liquid interface by transforming
the physical coordinate x to a computational one g (see
Fig. 2):

g ¼ x

e

� �p

ðEq 19Þ

p adjusts the mesh density in the liquid region (Ref 5); this
non-uniform transformation is necessary to solve the sys-
tem efficiently. The governing equations in the computa-
tional domain (0 £ g £ 1) are then the following:

@C

@t
� p

de
dt

@C

@g
þ pg

p�1
pð Þ 1

e
@Jc
@g
¼ 0 ðEq 20Þ

sD
@Jc
@t
� sDp

g
e

de
dt

@Jc
@g
þ Jc þ pg

p�1
pð ÞD

e
@C

@g
¼ 0 ðEq 21Þ

qc
@T

@t
� qcp

de
dt

@T

@g
þ pg

p�1
pð Þ 1

e
@J

@g
¼ 0 ðEq 22Þ

sD
@J

@t
� sDp

g
e

de
dt

@J

@g
þ J þ pg

p�1
pð Þ j

e
@T

@g
¼ 0 ðEq 23Þ

MacCormack�s predictor-corrector scheme was used to
solve this set of equations: at each time step, we iteratively
solved for a Vi that also satisfied the thermal and mass
conservation conditions at the interface (Ref 5).

Fig. 2 Schematic of the geometry and coordinate system used in
the numerical simulations (Ref 5)
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3. Results and Discussion

The physical properties of YSZ (Ref 2, 4, 22) used in
these simulations are specified in Table 1. YSZ has a rel-
atively low thermal conductivity and thus a low diffusive
speed VD �1.0 m s-1, which is why we solve the hyper-
bolic heat and concentration equations, although we also
solved the parabolic equations, and compared the results.
At the melt/substrate interface, we specified a heat
transfer coefficient h = 1.0 9 107 or 5.0 9 107 W m-2 K-1

(Ref 2). The substrate temperature was maintained at a
constant 500 K.

To solve the concentration equation we used 1000
nodes, concentrated near the solid/liquid interface to
resolve the concentration gradient. We required only 100
nodes distributed uniformly to solve the energy equation
over the same domain. The equilibrium melting temper-
ature of YSZ was specified as 2950 K (Ref 2) and the
initial undercooling as 150 K; thus when the interface
temperature at the melt/substrate interface initially
reached 2800 K, grain growth began. Finally, we set the
kinetic coefficient l = 0.0012 m s-1 K-1 (Ref 2).

As indicated in Fig. 3, the parabolic and hyperbolic
equations yield very similar curves of interface velocity Vi

during the early stages of solidification; the hyperbolic
results always predict a slightly higher velocity, and the
difference between the models is more pronounced for the
higher value of h. However, compared to results obtained
for pure metal solidification (Ref 5), the difference
between the parabolic and hyperbolic models (Fig. 3) is
actually more significant. With h = 1.0 9 107 W m-2 K-1,
Vi increases sharply from 0.1 m s-1 to 0.8 m s-1 at the
very beginning of solidification, before decreasing slowly.
With h = 5.0 9 107 W m-2 K-1, the maximum velocity is
1.5 m s-1, which is larger than VD. These velocity curves
are very similar to those obtained by Wang (Ref 2).

Profiles of interface temperature Ti are presented in
Fig. 4, and again, the difference between results obtained
by the parabolic and hyperbolic models is relatively small,
although more pronounced at the higher value of h. With

h = 1.0 9 107 W m-2 K-1, Ti decreases from 2850 K to
2250 K abruptly at the initial stage of solidification, before
Ti plateaus. The variation of Ti when h = 5.0 9 107 W m-2

K-1 is even more dramatic, as the temperature falls to
about 1600 K before recovering. In both cases the rapid
initial temperature decrease is related to the initially low
interface velocity, which in turn implies a weak latent heat
release; as Vi increases, the latent heat release becomes
intense, and compensates for the heat loss to the substrate,
which causes the temperature to stabilize. As for why the
hyperbolic model yields temperatures that are lower than
those obtained from the parabolic model, consider that
interface velocity is related to undercooling; because the
hyperbolic model predicts a higher interface velocity, the
undercooling is greater, and so Ti is lower.

Figure 5 shows kf versus location of the solidification
front, and unlike the previous results, the parabolic and
hyperbolic models yield dramatically different results.
With h = 1.0 9 107 W m-2 K-1, the parabolic model pre-
dicts that kf decreases from 1.9 to 1.7; the hyperbolic
model predicts that kf decreases to 1.3. Much more

Table 1 Physical properties of YSZ used
in the calculations (Ref 2, 4, 22)

Parameter Units YSZ

T0 K 3250
Tm K 2950
DL m2 s-1 1.0 9 10-9

DS m2 s-1 �10-15

ke 2.1
jL W m-1 K-1 3
jS W m-1 K-1 2
CPL J kg-1 K-1 713
CPS J kg-1 K-1 580
qL kg m-3 5890
qS kg m-3 5890
me K wt.%-1 2.9
C0 wt.% 8
Q J kg-1 8.12 9 105

VD m s-1 1�2
l m s-1K-1 0.0012

Fig. 3 Interface velocity versus interface location

Fig. 4 Interface temperature versus interface location
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interesting is when h = 5.0 9 107 W m-2 K-1, because
the hyperbolic model predicts a discontinuous variation of
kf, which quickly falls to 1, after which there is no
segregation. The reason, according to Galenko�s model
(Eq 10, 13), is that Vi fi VD is a critical condition, because
kf fi 1 and concentration trapping begins. The parabolic
model based on Aziz�s equations, on the other hand, has
no critical condition and so the curves are smooth. Finally,
note that because the hyperbolic model predicts a higher
Vi, it then approaches VD more rapidly than the parabolic
model.

Figure 6 presents C+ (the yttria concentration on the
solid side of the interface) versus location of the solidifi-
cation front. At the very beginning of solidification,
because the liquidus slope of YSZ is positive (according to
the phase diagram), the partition coefficient is greater
than 1 and so C+ > C0 for all results. With h = 5.0 9
107 W m-2 K-1, C+ (predicted by both the parabolic and
hyperbolic models) is lower than when h = 1.0 9
107 W m-2 K-1, because kf > 1, and according to Eq 9, kf

decreases as Vi increases. When Vi is higher, segregation is
lower, and therefore C+ is lower. With h = 5.0 9 107 W m-2

K-1, the hyperbolic model yields a concentration that
actually drops to a value less than C0 before reaching a
minimum; after this point, C+ approaches C0 when con-
centration is totally trapped. Finally, note that all of the
curves show that C+ approaches C0 (8 wt.%) at steady
state, which is evidence of mass conservation.

Figure 7 presents C- (the yttria concentration on the
liquid side of the interface) versus location of the solidi-
fication front. Both the hyperbolic and parabolic models
predict C- to be less than 8.0 wt.%. When
h = 1.0 9 107 W m-2 K-1, C- drops rapidly from 8.0 wt.%
to a minimum value, then quickly approaches an equilib-
rium that depends on whether the parabolic or hyperbolic
equations are being solved. The physical explanation for
this phenomenon is as follows: at the beginning of solidi-
fication, because interface velocity is relatively low, the
partition coefficient is relatively high, and so C- decreases

to maintain a higher concentration on the solid side. As Vi

increases, the partition coefficient drops, and so C- begins
to rise. Also worth noting is that C- rises faster with the
hyperbolic model, because Vi is higher, and so C-

approaches steady state more quickly. When h = 5.0 9
107 W m-2 K-1, Vi fiVD and so solute is trapped, which
explains why the hyperbolic curve shows that C- rapidly
equals C0. Finally, note that the difference between the
hyperbolic and parabolic curves of C- is much more
pronounced than the differences in the curves of Vi and Ti,
and that the difference becomes larger as h increases.

The surface temperature beneath a splat will affect the
strength of adhesion. Profiles of this temperature are
presented in Fig. 8, and again, the difference between the
parabolic and hyperbolic models is relatively small,
although more pronounced at the higher value of h. With
h = 1.0 9 107 W m-2 K-1, the temperature decreases

Fig. 5 Partition coefficient versus interface location Fig. 6 Interface concentration at solid side versus interface
location

Fig. 7 Interface concentration at liquid side versus interface
location

652—Volume 17(5-6) Mid-December 2008 Journal of Thermal Spray Technology

P
e
e
r

R
e
v
ie

w
e
d



from 2850 K to 1500 K abruptly at the initial stage of
solidification, and then plateaus. The variation of the
temperature at h = 5.0 9 107 W m-2 K-1 is even more
dramatic, as the temperature immediately falls to about
700 K. Clearly the splat/substrate temperature is closely
related to h. To obtain strong adhesion, the substrate
surface is usually prepared before spraying, to get rid of
surface contamination and oxidation. Those factors will
strongly affect the heat transfer coefficient.

Finally, the results so far have considered a single splat
solidifying on a stainless steel substrate. More generally,
there are multiple layers of splats that fall upon each
other, and the previously deposited splats can be either
solid or liquid. To simulate the solidification of multiple
splats, we assumed a previously deposited temperature in
the range from 600 to 1000 K. The heat transfer coefficient
was also assumed lower: h = 5.0 9 105 W m-2 K-1; this
value was estimated based on the splat thickness and the
heat conduction properties of YSZ (heat resistance into
previously deposited YSZ will be far greater than that into
a stainless steel substrate). The parabolic and hyperbolic

equations yielded very similar curves of interface velocity
Vi during the early stages of solidification, and so only the
parabolic results are presented. Figure 9 illustrates that Vi

decreases as the temperature of the previously deposited
layer increases, and the differences between the Vi profiles
are almost linearly related to the differences between
temperatures of the previously deposited splats. Com-
paring this result to that of Fig. 3, Vi for multiple splat
deposition is much smaller, and so the nonequilibrium
behaviors are significantly less.

4. Conclusions

We have previously investigated nonequilibrium phase
change during rapid solidification of a pure metal (Ref 5).
In this work we considered a coupled set of hyperbolic
equations for temperature and concentration. Using an
interface tracking method, the model simulates 1D non-
equilibrium phase change of a binary system effectively.
YSZ was chosen for the simulation based on the relatively
low magnitude of the diffusive speed. The results show
that for a realistic relaxation time (10-9 s), the profiles of
Vi and Ti versus interface location are significantly
affected by h, while the effect of hyperbolic behavior is
relatively minor. Only the interface concentration shows
pronounced differences between the hyperbolic and par-
abolic models, and these become larger as h increases.
Also, the hyperbolic model yields a turning point when Vi

fi VD, as the concentration on the liquid side of the
solidification front is frozen or trapped. We also examined
a droplet impacting onto a previously deposited splat;
results show that Vi is lower because the heat transfer
coefficient is presumed lower, and so nonequilibrium
behavior is not obvious.
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